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Abstract 

Motivated by the task of understanding microscopic dynamics of an evolving black hole, 
we present a scheme describing gauge-fixed continuous time evolution of quantum gravita¬ 
tional processes in asymptotically flat spacetime using the algebra of CFT operators. This 
allows us to study the microscopic dynamics of the Hawking emission process, although ob¬ 
taining a full S'-matrix may require a modification of the minimal scheme. The role of the 
operator product expansion is to physically interpret the resulting time evolution by decom¬ 
posing the Hilbert space of the states for the entire system into those for smaller subsystems. 
We translate the picture of an evaporating black hole previously proposed by the authors 
into predictions for nonperturbative properties of the CFTs that have weakly coupled dual 
gravitational descriptions. We also discuss a possible relationship between the present scheme 
and a reference frame change in the bulk. 


1 Introduction 


Quantum gravity has been elusive so far. Our lack of understanding manifests itself especially 
prominently in the study of black hole physics, where basic questions such as unitarity of the 
evolution and the smoothness of horizons are still under debate BHa. Ever since the discovery of 
the thermodynamic behavior of black holes M, we have been searching for the deeper structure 
of spacetime and gravity beyond that described by general relativity. In fact, we may need to revise 
the concept of spacetime itself, as suggested by the holographic principle m and complementarity 
hypothesis [HlDro]. Furthermore, it seems that a perturbative approach to gravity is incapable of 
revealing the real nature of spacetime. 

AdS/CFT duality [TTlfT^ provides a possible approach to quantum gravity at the nonperturba- 
tive level, albeit in spacetimes that are asymptotically AdS. Motivated by the task of understanding 
microscopic dynamics of an evolving black hole, the hrst half of this paper presents a scheme which 
can describe quantum gravitational processes in asymptotically flat spacetime using CFTs. A key 
point is that this does not require a true (holographic) theory of quantum gravity in asymptotically 
flat spacetime, i.e. one accommodating the full Bondi-Metzner-Sachs symmetry at null infinity [T3| 
and giving a fully unitary S'-matrix in the asymptotically flat spacetime. Instead, we can describe 
flat-space quantum gravitational processes by focusing on time scales sufficiently shorter than the 
AdS time scale and in a sufficiently central region of the global AdS space in a single AdS volume 
at the center. This description can be made extremely (and perhaps inhnitely) accurate by making 
the AdS length scale large compared to the scale of interest. 

The relevant Heisenberg-picture states in the gravitational bulk are represented by CFT op¬ 
erators at the point corresponding to the inhnite past, which exists on the flat Euclidean space 
obtained by conformally compactifying the boundary spacetime in which the CFT originally lived. 
We need not use the concept of CFT helds: knowing the spectrum and algebra of these operators 
is enough to understand the dynamics of our interest. In particular, by identifying the dilatation 
D of the conformal symmetry with time translation in the bulk, we can describe continuous time 
evolution (not just an S'-matrix type quantity) in the gravitational bulk. Since the CFT description 
eliminates all the gauge redundancies in the gravitational theory (including those associated with 
the holographic reduction of degrees of freedom), this provides a fully gauge-hxed description of 
physical observables in quantum gravity. Our particular choice of identifying D as time translation 
corresponds to taking the reference clock to be in the asymptotic region [H]. 

Despite its conceptual simplicity, current theoretical technology does not allow us to compute 
the physics of black holes explicitly by following the above program. In the second half of this paper, 
we therefore adopt a different strategy and use information from the gravitational description to 
study what properties the dual CFTs must possess. In particular, we describe how the picture of an 
evaporating black hole in Refs. [T^flG] . proposed to solve the black hole information problem BH. 
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is translated into the CFT langnage given here. This has at least two virtnes. First, since the 
physics of black holes is expected to be nniversal, the strnctnres we identify can be viewed as 
predictions for nonpertnrbative properties of the CFTs that have weakly conpled gravitational 
descriptions. In principle, this allows ns to test (aspects of) the pictnre of Refs. [I5l|16], perhaps 
with some fntnre theoretical developments. Second, the translated CFT description clarihes the 
concept of spacetime-matter dnality introdnced in Refs. [miin]: the black hole microstates play 
roles of both spacetime and matter, bnt in fact are neither. In the CFT langnage, this can be 
stated as properties exhibited by the operators corresponding to black hole microstates. 

The emergence of spacetime and gravity in AdS/CFT is an important snbject, and it has been 
stndied by many anthors from varions different angles, e.g., in Refs. [T71 - l3^ . Onr analysis bnilds 
on many of these works, which we refer to more explicitly as we go along. It asserts that when 
a relevant CFT possesses a finite central charge, which is necessary to describe nonpertnrbative 
gravitational processes in the bnlk, the sector allowing for a semiclassical particle interpretation 
comprises only a tiny snbset of the whole degrees of freedom representing the single AdS volnme. 
This elncidates why, in contrast with what is postnlated in Refs. [21IS3HSS], the microscopic infor¬ 
mation abont a black hole cannot be viewed as propagating in semiclassical spacetime in the near 
black hole region. 

The organization of this paper is as follows. In Section [21 we present the scheme which describes 
flat-space qnantnm gravitational processes using CFTs. We discuss under what conditions and to 
what extent the CFTs may provide such descriptions and how the continuous time evolution 
picture in the gravitational bulk arises from the algebra of CFT operators dehned at a point in 
Euclidean spacetime. We then discuss in Section [3] how these quantum gravitational processes 
may be physically interpreted (purely) in CFTs. This requires us to decompose operators into 
smaller elements, which corresponds to decomposing the Hilbert space of the states for the “entire 
universe” into those for smaller subsystems. We discuss how this can be done using the operator 
product expansion (OPE), defined as the action of operators on general states. We hnally apply 
the scheme to black hole states to see how the picture of Refs. |T5l[T6] may be realized in CFTs. 
Section jH is devoted to the summary and discussion. 

2 Embedding Asymptotically Flat Spacetime in AdS/CFT 

One goal of this paper is to use AdS/CFT duality to study how the structure of (a class of) CFTs 
encodes the physics of an evaporating, dynamically formed black hole. As a hrst step, here we ask 
how the physics of flat-space quantum gravity may be encoded in CFTs. 

Throughout the paper, we focus on the class of CFTs whose dual descriptions possess energy 
intervals in which physics is well described by weakly coupled effective held theories with Einstein 


2 


gravity in spacetimes one dimension higher than those of the corresponding CFTs. Specifically, 
for a d-dimensional CFT, we require that the dual theory has 


/p < /g < i?, 


( 1 ) 


where /p, /g, and R are the {d + l)-dimensional Planck length, string length, and AdS curvature 
length, respectively, and Rc collectively represents characteristic length scales associated with 
compact extra dimensions beyond d + 1 spacetime dimensions. The precise and general conditions 
for a CFT to give such descriptions are not yet understood, although some necessary and/or 
sufficient conditions to have weakly coupled dual gravitational descriptions have been discussed in 
various contexts [2Tl|2ll|23l31] . In this paper, we assume the existence of the relevant CFTs. 

Since the flat-space limit corresponds to length scales smaller than the AdS radius i?, we are 
interested only in a single AdS volume. We choose to work in global AdS spacetime, focusing on 
a single AdS volume at the center. This has the virtue that we need not be concerned with the 
Poincare horizon in dual AdS^+i descriptions. In particular, we take our CFTs to live in X R, 
where represents the [d — l)-dimensional sphere with radius R. 

2.1 AdS radius as an IR and UV cutoff 

AdS/CFT duality is believed to hold between a d-dimensional CFT and string theory on a space- 
time whose asymptotic region contains an AdS^+i factor. Suppose the spacetime geometry in the 
string theory side is asymptotically AdS^+i x X, where X is a compact space. It seems possible 
to make X as small as of order the AdS radius R. This was indeed the case in originally discussed 
examples of AdS/CFT [11], and we do not anticipate any obstacles keeping X this size (or smaller) 
in more elaborate setups, for example in nonsupersymmetric cases. This allows us to dimensionally 
reduce on X, yielding theory in AdS^+i that contains Kaluza-Klein towers associated with X. In 
this subsection we work in this framework. 

Let us consider a single AdS volume V at the center of the bulk at some time t = R-. 


( 2 ) 


0 < r < R, 


where r and r are the AdS time and radial coordinates defined by the metric 



(3) 


This region serves as our proxy of (an equal-time hypersurface of) flat space, in which R plays the 
role of the IR cutoff. When we refer to flat-space physics, we mean physical processes occurring 
in (a sufficiently interior part of) this region; see Fig. [TJ In general, excitations involved in these 
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Figure 1: A single AdS volume V is selected at the center of the global AdS space at some reference time 
to- We are concerned with processes occurring in a sufficiently inner region of the domain of dependence 
of y, D(V}. 


processes modify the metric in Eq. (3]), in which case the choice of time slice, r = to, refers to that 
at the boundary of the region, dVc 

What are the CFT operators representing physical conhgurations in the volume V (or more 
precisely, in the region inside dV)? Imagine that the CFT is dehned on a flat d-dimensional 
Euclidean spacetime obtained by performing a Weyl transformation on (Euclideanized) x R 
and adding a point, x = x_oo, corresponding to r = —oo. Here, x represents the coordinates of 
the d-dimensional space in which the CFT lives. We may then dehne the set of (gauge-invariant) 
operators acting at this point, T’s, which corresponds to all the elements of the Hilbert space 
of this CFT in radial quantization. The CFT state created by any of these operators, \['|0)cft, 
then corresponds to a Heisenberg state in the gravitational theory, representing a full spacetime 
history in the bulk. We can then ask what subset of these CFT operators provides a complete 
basis 2,...} for the bulk states that can be interpreted as having excitations only in the region 

inside dV at time to- 

Let us recall that AdS/CFT relates the central charge c of the CFT with the AdS radius and 


^This statement becomes fully unambiguous only in the true flat-space limit, in which we focus on processes 
occurring at the center, 0 < r < eR with e ^ 0. Naively, this limit may be taken by keeping the number of possible 
states, Ae, realized in this region large and finite. Here, In ~ with c being the central charge of the dual 

CFT, so that c ^ oo; see Eq. ([12]). (This corresponds to taking the e —>■ 0 limit keeping eR/lp large and finite.) 
To discuss physics of black holes, however, we need to analyze CFT operators with dimensions scaling as positive 
powers in c, which prevents us from taking c to be literally infinite (see Section. We thus take e ~ 0(1) (< 1) 
in this paper. Any ambiguities arising from the prescription of dealing with dV only affect physics at the IR cutoff 
scale (which may be made arbitrarily small by making e smaller). 
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the {d + l)-dimensional Planck length as 


d-l 


c ~ 



(4) 


Since we are interested in physics in (large) flat spacetime, we take i? S> /p. Namely, we are 
considering CFTs with 

Ol. (5) 

In general, a CFT operator is given by a snperposition of primary and descendant operators 

OjS 

^ = J2aiOi. ( 6 ) 

/ 

Here, (P/’s are defined by the dilatation D and special conformal transformations whose center is 
at a; = x_oo, and we take their normalization snch that the states created by them are appropriately 
normalized in Lorentzian x R: 


{0|(P|(P/|0) = Sjj, 


(7) 


where |0) is the CFT vacnnm state. (This reqnires nnconventional relative normalizations between 
primary and descendant operators within a single conformal mnltiplet,§) According to AdS/CFT, 
the dimension A of a CFT (primary or descendant) operator O is related with the bnlk qnantities 


as 


A ~ ER, 


( 8 ) 


where E is the energy of the bnlk state corresponding to O as measnred with respect to r. 

The relations in Eqs. dH [8]) imply that a CFT operator T containing a primary or descendant 
operator with A > c corresponds to a bnlk state involving a component with E > R'^ ^//p Snch 
an operator cannot be an element of the basis {'hA} we look for, since energies this large cannot 
fit into V —they would lead to large black holes, whose Schwarzschild radii are larger than R. A 
basis element of {tkA} thus can be written as 


^'a — ^ «Ay 

ie{ilAj<c} 


(9) 


where 

'y^,^*A.i^B,i = ^ab- ( 10 ) 

I 

^Note that the index / in general involves spacetime indices in the (Euclidean) d-dimensional space. 

^For example, if a scalar primary operator of dimension A is normalized such that ( 0 |(bF)t(p(o) |q^ _ 
the conventionally defined descendant operators 0^°^] and = [Pfi ^, (n = 2,3, • • •) give 

(OlO^Ot^WjQ^ ^ 2A?7 ^p, (0|C>^l4(p(2)|Q^ ^ 4A(A -I- + Ipalup) - 4Ar]p^r]p„, and so on. 
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Note that the coefficients depend on to, and a’^ j refers to the complex conjugate of in 
Lorentzian x R. 

The set of CFT operators is smaller than the set spanned by all possible independent linear 
combinations of O/’s with A/ < c. This is because some of these linear combinations correspond 
to bulk states in which not all the excitations are confined within dV at time to- While an explicit 
expression for the sets of aA,i^ giving correct basis operators, Ta, is not known, they must be 
uniquely determined (up to basis changes and IR ambiguities discussed in footnote dj) once the 
theory is fixed and time to is chosen, since the CFT construction here selects time slicing in the 
bulk. Note that the choice of to is simply a convention for how we embed our “flat spacetime” into 
the AdS spacetime. We refer to the set of basis operators determined in this way as B\ 


B = {^a]. 


( 11 ) 


This set contains complete information about physics occurring in our “flat spacetime,” i.e. (a 
sufficiently small part of) the domain of dependence of V, DiV) (see Fig. [1]). 

We stress that the dimensions of operators comprising are bounded both from below (by 
the unitarity bound) and above (by c); namely, the AdS radius provides a cutoff both in the IR 
and UV. In fact, for hnite R (in units of Zp), the number of elements of S, Ag, is hnite—the 
holographic principle states that mum 

d-l 


InAg = 


n 


d-l 


~ C, 


( 12 ) 


where hld-i = /T{d/2) is the volume of the unit {d — l)-sphere, and we have used Eq. (j^ 

This is the CFT statement for holography in flat spacetime, in which (unlike a large AdS region) 
a volume does not scale as the area surrounding it. 


2.2 Flat-space quantum gravity in d -|- 1 dimensions 

We now discuss in more detail how we may extract physics of flat-space quantum gravity. We 
begin by considering the (potentially hypothetical) situation in which the compact space X can be 
completely ignored. Specifically, we consider the case in which the gravitational theory contains 
only two length scales 

~ Zs ~ Rc R- (13) 

Here, Zp is the Planck length in AdS^+i x X, which is related with the {d + l)-dimensional Planck 
length, Zp, by 

(14) 


id+n—l 

id-l _ 
tp — 




X 


^When we make e discussed in footnote [U smaller, we are focusing on a smaller subset of the basis operators 
R C B. The number of elements in this subset, W, is given by InTVe ~ 
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where n and Vx are the dimension and volnme of X, respectively. (Here we take Vx = ~ 

so that /p ~ /p.) As we will discnss below, this setnp might not be realized in a consistent theory 
of qnantnm gravity (and so as a dnal description of a CFT). However, it provides a nsefnl starting 
point for onr discnssion. 

Snppose we take the limit in which the cntoff for flat-space physics is removed, i?//p —?• oo, 
which corresponds to c —)■ oo. The relations in Eqs. dUE]) then imply that trans-Planckian physics 
in the bnlk is encoded in the strnctnre of operators with extremely large (inhnite) dimensions 

A>c^. (15) 


As we have seen before, operators with A > c do not correspond to physics in 






represent intrinsically AdS physics. This implies that physics of flat-space black holes is encoded 
in operators with§| 


cd-i < A < 


c. 


(16) 


In the rest of this paper, we assnme d > 2. 

A main point of the above discnssion is that to stndy physics of flat-space qnantnm gravity, in 
particnlar that of black holes, we need to analyze the strnctnre of operators that have very large 
dimensions, scaling as positive powers in c. The detailed range of operator dimensions on which 
we need to focns, however, depends on the size (and shape) of the extra dimensions as well as 
the physics we are interested in. Below, we discnss the effect of extra dimensions on this issne. 
In particnlar, we discnss what strategy one may adopt in stndying flat-space black holes nsing 
AdS/CFT. 

Let ns ask how small a compact space X can actnally be. From the viewpoint of effective 
AdSd+i field theory, there is no restriction on the size of X. In particnlar, there is nothing wrong 
in taking Vx ~ Ig so that Eq. flT^ is satished. However, nonpertnrbative effects of qnantnm 
gravity may impose constraints on the size and shape of X. For example. Ref. [2Z] argnes that for 
d = A and n = 5 the volnme of X must satisfy iVx/J^) > 5's(-R/4), where is the string coupling. 
A naive extension of this to arbitrary d and n giveqj 

Vx>R 

If bounds like this indeed exist, we will not be able to have a consistent setup in which the effect 
of extra dimensions can be completely neglected. 

®If we make e smaller (see footnote [IJ , the upper bound on the operator dimensions becomes instead of 

c, since we are not interested in energies leading to black holes whose Schwarzschild radii are larger than eR. The 
same also applies to Eqs. daoiEi]), implying that e cannot be made of order {g^ or smaller if the size 

of X indeed takes the values discussed there. 

®The validity of this extension beyond d = 4 is not clear, since we have not taken into account nontrivial profiles 
of the dilaton field induced by relevant branes. Here we present it simply to illustrate the basic issue. 


(17) 
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How do we study flat-space black holes in such cases? One way would be to consider a setup in 
which the extra dimensions are large, e.g. of order the AdS radius R, and investigate {d + n + 1)- 
dimensional physics at length scales smaller than R. This, however, might allow us to study only 
special classes of black holes, e.g. those in 10- or 11-dimensional spacetimes with a large number 
of supersymmetries (see, e.g.. Ref. [38]). Another possibility is to make X as small as possible and 
study black holes larger than X. Imagine that X can indeed saturate the bound in Eq. flTTl) with 
all the length scales being roughly comparable. The compactiflcation length R^ is then 

given by 


Rc 


gd —n+l \ dn 
r>n—l 


R. 


The Schwarzschild radius of a black hole of mass M is larger than R^. if 

M > Mmin ~ ^d+2n-2'^li;^ 1 

it 


(18) 


(19) 


This implies that we can study physics of flat-space black holes in {d + l)-dimensional spacetime 
by analyzing CFT operators with the dimensions A satisfying 


AfminR < A < c. 


For d = 4 and n = 5, for example, we may investigate CFT operators with 

C5 < A < c, 

rsj nsj 


( 20 ) 


( 21 ) 


to study 5-dimensional flat-space black holes; see Fig. [2l 

Bounds on R^ as the ones described above, if they indeed exist, provide a restriction on how 
much our minimal formalism in the previous subsection can capture flat-space physics. Consider a 
black hole of mass M in AdS^+i, whose Schwarzschild radius is smaller than R (so that it behaves 
as a flat-space black hole). It has the Hawking temperature 


Tn{M) = 


d-2 

dvr 


(d — 1)14^-! 
IGtt 


{Ml 


d-l\ 


SO that a black hole with an initial mass Mq has the lifetime of order 

t(Mo) ~ 


( 22 ) 


(23) 


In order for our minimal scheme to be able to describe the full formation and evaporation history of 
this black hole, t{Mq) must be smaller than order R, yielding the condition for the Schwarzschild 
radius of the initial black hole Rq = [167rMo/p“^/(d — 1)14^-!]^'^^'^”^^ as 








A 
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Figure 2: For AdSs x X^, the 5-dimensional Planck scale in the bulk corresponds to the scaling dimension 
of order in the 4-dimensional dual CFT. If there is a lower bound on the size of X 5 as suggested 
by the argument in Ref. [37], then (assuming X 5 has only a single scale) the physics of 5-dimensional 
black holes can be explored by considering operators with dimensions between ~ and ~ c. (To study 
5-dimensional perturbative processes, we may focus on operators with dimensions < .) 

For AdSs x X 5 , this gives Rq < , which is inconsistent with the bound on R^ in Eq. ([HD, 

Rc > , obtained under the assumption that X 5 has a single length scale. 

This restriction does not affect the description of the Hawking emission process in flat-space 
quantum gravity using the scheme of Section iTlI — we can still form a black hole whose Schwarzschild 
radius is larger than the lower bound on R^ and study how it emits Hawking quanta. It does, 
however, prevent us from obtaining the full S'-matrix elements between the initial collapsing matter 
and hnal Hawking quanta within the minimal scheme. To obtain the S'-matrix elements, one would 
need to modify the minimal scheme. This can be done, for example, by introducing absorptive 
boundary conditions at r ~ i? for r > to by adiabatically turning on couplings between the dual 
CFT to another larger theory at r ~ to through appropriate CFT operators (i.e. by introducing 
such couplings in the appropriate region in the d-dimensional Euclidean spacetime). This would 
allow us to study the full evolution of a (d -|- l)-dimensional black hole, except for the last moment 
of evaporation where the physics is {d + n + l)-dimensional. 

Our main interest in the rest of this paper is not to obtain the full S-matrix elements, so we 
will not be concerned with this issue. (Furthermore, it seems possible to circumvent the problem.) 
We take the viewpoint that the scheme described thus far indeed works so that we can study 
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evaporating flat-space black holes in h -|- 1 dimensions using AdS/CFT duality. 

2.3 Time evolution 

How can we describe time evolution in our (IR cut-off) flat spacetime? Recall that the set of CFT 
operators B in Eq. (ITT]) provides a complete basis for describing a single AdS volume at the center 
at r = to- More precisely, a state representing a physical conhguration in the region within the 
codimension-2 hypersurface dV dehned at r = tg can be written in general as 

|/) = ^/A|0>, (25) 

A 

where ~ Now, similarly to T^i’s, we can select CFT operators representing physical 

conhgurations in the d-dimensional volume V 

0 < r < R, T = to + t. (26) 

Here, as in the case of V, the time r is specihed at the boundary of the region dV in the presence 
of arbitrary excitations. 

Because of the symmetry, we can choose an operator to represent the physical conhguration 
on V obtained by time-translating the conhguration on V created by (with the same value of 
A) by the amount At = t. In terms of the coefficients aA,i in Eq. (jH]), this gives 

^A= Y. (27) 

/G{/|A/<c} 

We call the set of operators obtained in this way H; 


B = {Ta}. (28) 

The number of elements of this set, is obviously the same as that of H, so that InAg ~ c; 
see Eq. oa. Note that while the choice of R is a convention, that of t is not—it ahects relations 
between Ta’s and T^’s. 

With this machinery, we can represent an arbitrary physical conhguration on a single AdS 
volume by a set of coefficients Ja with J2a ~ where A = 1, ■ ■ ■ , Ag. The amplitude for a 
conhguration represented by {/a} to become that represented by {qa} after time t is then given 
by 

Nb 

(9l/> = E slfB (Ol'i't'l'BlO). (29) 

A,5=1 


10 


In terms of the coefficients aA,i, it can be written as 

= ( 30 ) 

A,B 

where 

^AB= ^A,I^ (31) 

/e{/|A7<c} 

Note that the (implicit) dependence of aA,i on to drops out from the amplitudes. 

Since the CFT description is supposed to eliminate all the gauge redundancies in the gravita¬ 
tional theory (including those associated with the holographic reduction of the degrees of freedom), 
this provides a fully gauge-hxed description of physical observables in quantum gravity, i.e. correla¬ 
tions between physical entities (such as causal relations among events). The time t here corresponds 
to that measured at the asymptotic boundary of flat spacelll Note that the matrix Tab in Eq. fl^ 
is not unitary because of the possibility that excitations come into or go outside the region under 
consideration between t = and to + 1- Namely, B and B do not represent exactly the same set 
of CFT operators. This effect, however, is negligible for processes occurring in a sufficiently inner 
region of the AdS volume (which corresponds to considering only certain subsets of T^’s and Ta’s) 
within a time scale sufficiently shorter than the AdS scale (corresponding to taking t sufficiently 
smaller than R). Indeed, these are the processes that concern us below. 

We mention that possible nonlinear instability in AdS spacetime is not an issue here. Since 
theories in AdS with reflective boundary conditions, which we assume (at least) for r < to, are 
unitary, we can prepare any initial state at to, although it may correspond to hnely-tuned quantum 
conhgurations at earlier times. The freedoms in choosing to and the conformal compactihcation 
of X R to Euclidean (specihcally the relative scale between t and |a:|) correspond to the 
ambiguity in relating the initial states to the operators at r = — oo. This ambiguity, however, 
completely disappears from the transition amplitudes in Eqs. fl30l l3TD . 

3 Microscopic Dynamics of Spacetime in AdS/CFT 

In this section, we discuss what the physics of flat-space black holes implies for CFTs. As has been 
emphasized, we focus our attention on the class of CFTs that admit weakly coupled gravitational 
descriptions in ((i-l-l)-dimensional spacetime, although we expect that much of our analysis applies 
(with appropriate modihcations) to the case in which the gravitational bulk has higher dimensions 
already at the AdS length scale. 

^This statement becomes formally exact (only) in the limit e —>■ 0. 
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At the level of perturbative expansion in 1/iV, where N is related with c by c ~ conditions 
for CFTs to have relevant gravitational descriptions were studied, e.g., in Refs. |2ll|22l|2ll|25] . In 
particular, it was argued that important ingredients are 

• large central charge, c S> 1; 

• the existence of a low-lying sector of operators whose correlators almost factorize, in particular 
a sector that admits 1/iV-type expansion; 

• a large gap in the spectrum of operator dimensions, making string states heavy. 

If these conditions are indeed sufficient, as demonstrated in simple cases in Ref. [2T], then the 
universal nature of black hole physics implies that our analysis can be viewed as predictions for 
nonperturbative properties of CFTs characterized by these ingredients. 

Below, we discuss what the picture of evaporating black holes proposed in Refs. [T^ITG] to avoid 
the information problem HH implies for CFTs in the framework described in the previous section. 
Since CFTs are well-dehned, this in principle allows us to test (aspects of) the proposal, perhaps 
with the future development of techniques to analyze CFTs. 

3.1 General considerations 

What does the existence of a weakly coupled gravitational description in spacetime mean in our 
formalism? As discussed in the previous section, we describe time evolution in quantum gravity in 
a fully gauge-hxed manner, through Eqs. (I30l [3T|) . In particular, the generator of time evolution 
is given by the Hamiltonian 



(32) 


/G{/|A7<c} 


In this language, the existence of a local gravitational description means the existence of an operator 
basis {Tyi = c^ajOi} in which the action of Hab on some subsector(s) takes a local (nearest- 


neighbor) form. (For a related discussion, see Ref. [39].) We will make this statement more precise 


in the next subsection, but for now this schematic picture is sufficient. 

An interesting feature of Eq. fl32l) (or Eqs. fl30l [3T])) is that its structure is fully determined 
by the spectrum of operators, i.e. their dimensions, Aj, and spins. On the other hand, we know 
that a CFT is specihed by the spectrum of primary operators (9/ as well as a set of constants 
C^j that appear in the OPE between primary helds (which are constructed by taking appropriate 
superpositions of primary and descendant operators). What is the role played by these OPE 
coefficients, Ojj, in our formalism? 

Let us hrst recall that a state T^|0) created by a basis operator represents a Heisenberg state 
of the “entire universe” in the gravitational picture. Suppose we want to consider a process in 
which two high energy elementary particles (which are well localized in momentum space) collide 
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to form a black hole, which then evaporates. This entire process then corresponds to some operator 
T = XIa~ where the coefficients (3i = have signihcant support only 

for values of I in which the corresponding operators Oj have dimensions in a narrow range around 
some A > (reflecting the fact that the process occurs in a trans-Planckian regime) §1 Note 

that all the relevant T^i’s (or O/’s) here simply correspond to states with trans-Planckian energies. 
How can we then interpret that the state represented by T consisted of two elementary particles 
at some time before the formation of the black hole? More generally, how can we decompose a 
state (or the Hilbert space) of the entire universe into those of smaller subsystems? This is where 
the OPE comes into play. 

In our description, the OPE coefficients appear in the dehnition of the action of operators Oj 
on general (not necessarily vacuum) states. For example, if a primary operator Of acts on a state 
IJ) = C>j|0) created by a primary operator Oj, then the resulting state can be expanded as 

0;IA« + (33) 

where the dots represent contributions from states corresponding to descendant operators, whose 
coefficients are determined by the conformal symmetry. The action of an arbitrary operator Oj 
(primary or descendant) on an arbitrary state \J) = Clj|0) follows from conformal symmetry. 
Now, let us consider the operator in the above example 

(34) 

I 

corresponding to a state that represents a black hole existing at r = to- The statement that 
this black hole formed from two high energy elementary particles at some time tj (< to) is then 
translated into the statement that when the operator 

§ = 6t>to-U, (35) 

I 

is expanded in terms of the basis operators dehned at r = to as 

^ = (36) 

A 

then the coefficients qa have signihcant support only for terms in which are obtained by the 
OPEs of two operators representing single-particle states at r = to (in the sense given in Eq. ([33])). 
We can write this schematically in the form 

T ~ <hi<h2, (37) 

®If the black hole formed by the collision is large, with the lifetime of order R or larger, then we need to modify 
our minimal scheme to describe the entire evaporation process, as discussed in SectionThis issue is not relevant 
for our discussion here. 
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where $1 and $2 are single-particle operators (superposed appropriately to form wavepackets) 
which correspond to states having a single particle at r = to- Note that single-particle operators can 
be dehned purely algebraically at the nonperturbative level. They are superpositions of components 
of low-lying conformal multiplets so that their OPE property and responses to the dilatation allow 
them to be viewed as the generators of a Fock-space like structure. (In the language of GET fields, 
this corresponds to the approximate factorization property of correlators.) 

We stress that if we perform a similar analysis on T, instead of the time translated T, then the 
same statement need not apply. Specihcally, if we expand T in terms of the basis operators 

= (38) 

A 

then operators contributing to the right-hand side need not be simple multi-particle operators. In 
fact, we assert that they are not. Namely, operators appearing in Eq. (I38|) cannot be obtained by 
successive OPEs of single-particle operators within the regime in which an approximate particle 
interpretation holds. In the gravitational description, this corresponds to the fact that states 
representing black holes cannot be obtained by a simple Fock space construction built on a flat 
spacetime background—they must be viewed as classical backgrounds on which the concept of 
particles is defined. 

The existence of operators such as T here, which cannot be interpreted as multi-particle oper¬ 
ators without shifting in time, has profound implications for how the semiclassical picture emerges 
from the fundamental theory of quantum gravity. We now turn to this issue. 

3.2 Emergence of the semiclassical picture 

Recall that our basis operators, are in one-to-one correspondence with possible physical con- 
hgurations within our IR cut-off flat space, V, at some time r = to- The number of such operators 
is given by Eq. ina, i.e. 

A = 1, ■ ■ ■ , exp [0(c)]. (39) 

In a GET with a weakly coupled gravitational description, there are a class of operators (c T^) 
that correspond to multi-particle states in a pure AdS background at r = to- These operators obey 
a l/Wtype scaling and can be identihed by their OPE properties [2I1I221[2HI2S] - How many such 
operators exist nonperturbatively, and what is the distribution of their scaling dimensions? 

To address these questions, we consider the bulk picture. The highest entropy states consisting 
of multiple particles within the single AdS volume V correspond to a thermal state. Let the 
temperature of this system be T. Then, its energy B and (coarse-grained) entropy S are given by 

B ~ S ~ (40) 
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The condition that the backreaction to spacetime is negligible (or sufficiently small) is given by 
the requirement that the Schwarzschild radius of a black hole of mass E is smaller than R\ 

(41) 


Combining Eqs. (140|) and (ITT]) , we obtain 



This implies that the index Aq runs only over an extremely small subset of the whole A index 


^0 — 1 , • 


,exp 



d 

Cd+1 


) 


(43) 


Namely, the degrees of freedom described by a semiclassical held theory on a hxed background 
comprise only a tiny subset of the whole quantum gravitational degrees of freedom [3,130] . 

The distribution of the dimensions of operators can be obtained from Eq. (1301) . We hnd 
that the number of 4/^^, operators with dimensions between A and A + dA is given by 




'Pao ~ exp 


0(Ad+i) dA, 


(44) 


in the relevant range of 0 < A < c. For simplicity, here we have assumed that all the extra 
dimensions are small. If some of them are large, so that the temperature of the multi-particle 
system exceeds the compactihcation scale l/Rc, then the expression must be modihed accordingly. 

What do the rest of the operators, with A ^ {^o}, represent? We claim that these 
operators correspond to states with nontrivial spacetime backgrounds at r = to, like T in the 
previous subsection. In particular, they represent predominantly states with a black hole(s) at 
time r = tol§ The (coarse-grained) entropy of these states with total energy E is given by the 
entropy of a single black hole of mass E (if it is large enough) or the entropy of a thermal gas of 
total energy E (if black holes compose only a small part of the entire system). We thus hnd that 
the dimensions of operators [A ^ {Aq}) is distributed as 


dW 


1'A^{Ao} 




exp 


exp 


O 


( 

Y C ^-2 J 


d+1 


dA for c 2 d-i < A < c. 


O(A^) 


1 d+1 

dA for >, A >, 


r\j r\j 


(45) 


Here, we have again assumed that all the extra dimensions are small, of order R (~ /g). Note 
that for a hnite value of c, a basis operator cannot in general be chosen as one of the primary 

®In this paper, we focus on black holes that are well approximated by the Schwarzschild black hole. We do not 
expect difficulty in extending the analysis to more general cases. For some implications of charged black holes at 
the nonperturbative level in AdS/CFT, see Ref. |41) . 
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or descendant operators Of. [D, This implies that if it is time translated, it becomes 

an operator containing Tyi’s with A ^ {^o}- Therefore, some (not all) of the operators with 
A ^ {^o} can be produced from T^^’s through time evolution. 

The existence of a black hole in the system does not mean that there are no degrees of freedom 
described by local dynamics. We can certainly consider semiclassical field theory on a black hole 
background, which we believe can describe the dynamics of (at least) some degrees of freedom, 
even in the vicinity of the black hole. How exactly do we construct a semiclassical (field or string) 
theory from the viewpoint of the fundamental theory of quantum gravity? 

To illustrate the basic idea in the simplest manner, let us take the limit in which all the 
extra dimensions are small, as in Eq. (IT^ . (Incorporating the effect of larger extra dimensions is 
straightforward.) The first step is to divide the basis operators a^{Ao} into groups ^A 21 ''' 
in such a way that members of each group represent possible states inside dV that all correspond to 
(a time slice of) a specific spacetime geometry. For example, we may take T^^’s to represent states 
that have a black hole of mass M (within the uncertainty of order the Hawking temperature Th(M)) 
at a specific location (within a proper length uncertainty of order /p). Note that the specification 
of a geometry must necessarily involve uncertainties arising from quantum mechanics [T^fT 6 llT 2 ] . 
Including the case of a pure AdS background, we may divide the index A as 

{/1}= U {A}. (46) 

Here, we take {Ai} fl {Aj} = 0 for i 7 ^ j. As long as we are interested in a sufficiently short 
time scale, the description of the evolution of the system (using Eqs. (I30l 131]) ) does not require 
operators beyond those in a single group. For instance, in the above example of representing 

a black hole of mass M, the system can stay within the regime described by T^i’s for time scale of 
At < 1/Th(M). We can therefore build a semiclassical theory applicable for a limited time scale, 
using only operators in the single group. A semiclassical theory on a time-dependent background 
can then be constructed by “patching” theories obtained in this way, each of which describes 
(semiclassical) physics in a certain time interval. 

How can we construct a “component” semiclassical theory—a semiclassical theory applicable 
to a limited time interval—from operators in a single group? To be specific, let us consider 
the case in which (f 7 ^ 0) represents states with a black hole of mass M at a specific location 

(within appropriate uncertainties) at r = fo- In fhe region far from the black hole, physics is well 
described by a semiclassical theory on a pure AdS background. This implies that Ta/s can be 
OPE-decomposed (approximately) as 

~ T^near , (^^) 

where [Ai] = x and T^far’s can be written as appropriate superpositions of Taq’s 

corresponding to configurations of particles outside the near black hole region (often called the 
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zone), conveniently defined to be the interior of the gravitational potential barrier for all the 
angular momentum modes: 

(48) 


Slid 

{d — l)f4d_i 


where r is the Schwarzschild radial coordinate. The black hole physics is encoded in the structure 
of {T^near} as woll as the “interactions” between {4/^far} and {T^near} (i.e. how T^4s are expanded 
in terms of T^far’s and T^near’s dehned analogously for a black hole of a different mass, 'hyij ’s with 
j ^ i, after shifting in time by At > 1/Th(M)). 

The number of operators TAnear is, at least, of the order of the exponential of the Bekenstein- 
Hawking entropy of a black hole of mass M 




4d^d-l 


(ikf/p) . 


(49) 


On the other hand, an analysis similar to the one that led to Eq. 0431) implies that the number 
of possible conhgurations of semiclassical degrees of freedom within the zone, Eq. (1481) . is much 
smaller than that implied by this number; specihcally, it is given by the exponential of 


SsciM) ~ S'BH(Tf)‘*+i <C S'BH(Tf). 


(50) 


Here, by the semiclassical degrees of freedom we mean the degrees of freedom that have “reference 
frame independent” meaning within the semiclassical theory, e.g. a detector located in the zone. In 
particular, they do not include the degrees of freedom associated with the “thermal atmosphere” 
of the black hole, whose existence is frame dependent. (This point will be discussed in more detail 
in the following subsections.) This suggests that we can label Tyinear’s using two indices a and k, 
each of which refers to the (reference frame independent) semiclassical degrees of freedom in the 
zone and the rest of the degrees of freedom represented by the Tyinear’s. The latter are called the 
vacuum degrees of freedom [T^fTG] . 

The analysis described above indicates that the index a runs over 

a = 1, • • • ,exp[S'sc(M)]. (51) 

In general, the physics of the vacuum degrees of freedom, k, does not decouple from that of the 
semiclassical degrees of freedom, a and This effect, however, is negligible for sufficiently short 
time scales in which the information exchange between these degrees of freedom can be ignored—in 
our context, time scales shorter than the single Hawking emission time of order 1/Th(M). In this 
case, we can take k to run over a hxed range 

fc = 1, • • • ,exp[S'BH(M)]. (52) 
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A basis operator in the group, G can then be specihed by the set of indices 


= (53) 

where a and k run over the ranges given by Eqs. (|5n [5^F^ We emphasize that we focus here only 
on a component semiclassical theory applicable in time scales sufficiently shorter than 1/Th(M). 
The non-decoupling nature of the semiclassical and vacuum degrees of freedom becomes important 
for physics of longer time scales, especially the evolution of the black hole discussed in the next 
subsection. In the language adopted here, this has to do with how we patch different component 
theories together to obtain a full semiclassical theory on a time-dependent background. 

The component semiclassical theory in question is obtained by coarse-graining the vacuum 
degrees of freedom, represented by k. By assumption, interactions between the semiclassical and 
vacuum degrees of freedom are negligible, implying that the generator of time evolution at the 
microscopic level—hf(ata->-,a,fc)(af“',a',fc') given by Eq. fl32l) — factor as 

TT 

The state of the semiclassical theory representing the conhguration a) can be identihed as 
the maximally mixed state in k space: 



,a 


1 

gSBH 


e®BH 

k=l 


(55) 


where = ^af“,a,A:|0). Siuce physics in k space do not concern us here, we may choose 

its basis to agree with the approximate energy eigenstates (within the time scale of interest), 
~ 5kk'- The microscopic time evolution, obtained by acting Eq. fl5T)) on Eq. fl55|) . can then 
be written as if Pafar ^ is a quantum held theory state evolving under the semiclassical (gauge-hxed) 
“Hamiltonian” 


, a 




(sc) 




(sc) 

far , 


(56) 


From the point of view of the fundamental theory, the semiclassical theory emerges because the 
labeling scheme in Eq. fl55]l can be chosen such that the Hamiltonian a)(af“' a') time 

evolution of J in such a way that it occurs on a hxed black hole background and is local at 
length scales larger than 40 Remember that our component semiclassical theory here is applicable 


be more precise, we also need an index a labeling the modes on the stretched horizon, which is located at a 
microscopic distance outside of the mathematical horizon and is regarded as a physical (timelike) membrane that 
may be physically excited [9]. We will omit this index below because it is not essential for our discussion here, but 
including it is straightforward. (For example, Eq. (l53l) becomes {Ai} = x {(a, a, k)}.) For more details about 

these modes, see Refs. [TKllIH] . 

^^If we include the stretched horizon modes, the relevant Hamiltonian takes the form H(af",a,a)(a6"',a',a')- The 
dynamics of the a modes represented by this Hamiltonian need not be local in the angular directions. 
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only for time scales shorter than ~ 1/Th(M). Also, since our time variable is determined at the 
boundary of the space, we expect that it corresponds (approximately) to the Schwarzschild time. 
The semiclassical picture obtained here, therefore, provides a distant view of the black hole. 

3.3 The evolution of a flat-space black hole 

In order to discuss the evolution of a black hole, we need to consider the dynamics at time scales 
longer than ~ 1/Th(M). At the level of the fundamental theory, the evolution of the system 
is simply described by the Hamiltonian in Eq. fl32|) . giving unitary evolution of the black hole 
(within a time scale of order R). However, to have a simple framework to interpret the evolution 
process, we need to match to the semiclassical picture. This can be done by patching together the 
component semiclassical theories described in the previous subsection. 

Let us consider two groups of basis operators and each representing states with 

a black hole of mass and Mj with Mj — Mj ~ located at a specihc position^ (Here 

appropriate uncertainties for both the mass and position are implied. The precise meaning of the 
black hole mass in our context will be discussed shortly.) We take the basis operators in two 
groups to be orthogonal, = 0 for i 7 ^ j, and we assume that these operators provide a 

complete basis to describe the evolution of a black hole in the relevant time scale of order 1/Th; 
in other words, by preparing a series of groups similarly, i.e. {tl/ni}, • • • representing 

the black hole of mass Mj, Mj = Mj — TH(Mj), Mk = Mj — Ti{{Mj), and so on, we can fully describe 
the future evolution of an initial black hole of mass Mj (modulo macroscopic effects discussed in 
Ref. [121111], which can be included straightforwardly by adding groups representing black holes 
at different locations, spins, and charges). We assume that the approximation of Eq. fl2T|) holds 
for evolution within each group, and that nontrivial physics associated with Hawking emission—in 
particular, interactions between semiclassical and vacuum degrees of freedom—occurs only when 
the system evolves between the groups. Of course, this “discretization” of the emission process is an 
approximation, and the true microscopic evolution occurs continuously through the Hamiltonian 
in Eq. fl5^ . 

We dehne the black hole mass M to be the whole energy of the evolving black hole system 
(measured in the asymptotic region) except for the part associated with the semiclassical degrees 
of freedom that have reference frame independent meaning. In particular, it contains energies 
associated with the thermal atmosphere of the black hole as well as an ingoing negative energy 
flux that appears in the calculation of the stress-energy tensor on the relevant background [15] . 
Therefore, our vacuum degrees of freedom k contain the degrees of freedom associated with these 

focus only on an evaporating black hole. The CPT invariance of the theory implies that there are an equal 
number of states involving the corresponding “anti-evaporating” black hole. Since these states can only be formed 
from exponentially fine-tuned initial states, we do not consider them. 
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entitiesJi^ With this dehnition, the operators can be labeled by the indices af‘^,ai,ki with 

ki rnnning over 

fci = 1, • • • ,exp[S'BH(Mi)], (57) 

while {d'Aj} by aj, kj with kj taking 

kj = !,■■■ , exp [S'bh(Mj)] . (58) 


Note that the latter range is smaller than the former becanse of the smaller mass of the black hole, 
Mj < Mi. The Hawking emission, cansed by in Eq. fl5^ . then occnrs as 


1 ^, 


yai.fci) 'y ^ 7af“,ai,A:i; a(.^’ 


,aj,kr 


1^. 


.far 


Ij , /Cj ) 5 


afr 


(59) 


in the time scale of order l/TH(Mj). In order for this process to be nnitary, the space labeled 
by mnst be larger than that by In fact, contains the component labeling the newly 
emitted Hawking qnanta, which was not present before the process occnrred0 

An important aspect of the pictnre in Refs. [MTB] is that the process in Eq. fl5^ mnst be viewed 
as occnrring aronnd the edge of the zone, r ~ r^. In the present scheme, this manifests as follows. 

and a* (and and aj) label the largest possible degrees of freedom that can be interpreted as 
the semiclassical excitations obeying local dynamics on a hxed spacetime backgronnd. To pnt it the 
other way aronnd, the vacnnm degrees of freedom, ki and kj, do not admit snch an interpretation. 
The fact that a part of the information in ki is transferred directly to in Eq. fl5^ shonld then 
be interpreted from the semiclassical point of view that a part of the microscopic information 
abont the black hole {ki) is distribnted at the edge of the zone, and that the information is 
transferred there to semiclassical degrees of freedom ontside the zone {a^J^^) —i.e. the Hawking 
qnanta—withont involving an information transportation mechanism from the horizon within the 
semiclassical theory. Becanse of energy conservation, this process must be accompanied by the 
creation of an ingoing negative energy flux (reflected here by Mj < Mi), which carries negative 
entropy [T^flG] (reflected by the fact that fc/s run over smaller ranges than ki). 

The mechanism of information transfer described above avoids the paradox in Refs. [31E3H3S1 
which relies crucially on the assumption that some information transportation mechanism is in 

^^This definition is different from the one adopted mainly in Refs. [l5l[T6], although the physics described below 
is equivalent. Roughly speaking, the definition used in Refs. [T5l[T6] corresponds to describing the system as an 
expansion around the Hartle-Hawking vacuum |46| at each moment in time, while here we describe it as an expansion 
around the evolving black hole background, which is well approximated by the advanced/ingoing Vaidya spacetime 
near the horizon [47]. See Section 3.2 of Ref. [16] for a detailed discussion on this point. 

^"‘The sum in the right-hand side of Eq. ([5^ contains (small) components in which the energies of emitted Hawking 
quanta are larger than the chosen uncertainties of Mi and Mj. In these components, Mj should be understood 
to take different values determined by the energy of the emitted Hawking quanta through energy conservation. 
Including this effect explicitly (which we will not do) does not affect our discussion below. 
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operation from the horizon to the edge of the zone on a semiclassical background. Our picture 
says that the information transfer from black holes cannot be understood in that manner. 

Since the only essential ingredients in the process of Eq. (I59|) are ki, kj, and (a part of) 
we may suppress other indices and write it as 


kj), (60) 

h^kj 

where h C labels the emitted Hawking quanta, and we have introduced the notation of sep¬ 
arating the emitted quanta \'^h,kj) = How does the semiclassical theory describe this 

process? Given that the semiclassical theory is obtained after coarse-graining the vacuum degrees 
of freedom, Eqs. fl5^ l56|) . the description at the semiclassical level is that the initial state 


~ eSsaiMi) (61) 

ki=l 

evolves as 

E E 5? (62) 

ki=l h,h' ki,k'=l 

Because of an enormous number of degrees of freedom involved, it is natural to expect that the 
sums over the vacuum degrees of freedom show the thermodynamic characteristics: 

gS'BHlATi) E E lki■,h,kjll^■h',k'j\^kj){^k'. 

ki=l kj,k'.=l 
3 


-ghC 


(63) 


where Eh is the energy of the state |$/i), Z = J2h9kGw[~Eh/T}i{Mi)], and gt is a factor that 
depends on h. Then, Eq. fl62D becomes 

Pinit^ (64) 

h 


In contrast with the case in a component semiclassical theory, there is no way to write this 
evolution (obtained after coarse-graining the vacuum degrees of freedom) preserving unitarity 
within quantum held theory. The best one can do is to write it as 

h 

This is Hawking’s original result [6] with gh representing the gray-body factor calculable in the 
semiclassical theory |18]. We expect that modes softer than Th(M) can still be described by the 


21 








standard local dynamics in the patched semiclassical theory, except when they participate in the 
Hawking emission process. In particular, we expect this to be the case even around the black hole, 
since sending generic soft quanta to an evaporating black hole is not the same as the time reversal 
of the Hawking emission process, which corresponds to sending highly hne-tuned quanta to an 
anti-evaporating black hole [16]. (This is also consonant with the fact that Hawking emission is a 
process in which the coarse-grained entropy increases |49j.) 

The above analysis explains why the semiclassical calculation of Refs. PQE] hnds an apparent 
violation of unitarity—semiclassical theory is incapable of resolving the microscopic dynamics of the 
vacuum degrees of freedom by construction, and hence is secretly dealing with mixed states [T5|IT6l 
1401142] . For sufficiently short time scales, this aspect can be neglected because interactions between 
the semiclassical and vacuum degrees of freedom are relatively slow. However, for longer time scales, 
i.e. when the Hawking emission effect becomes relevant, the mixed nature of the vacuum degrees 
of freedom is necessarily “leaked” into semiclassical degrees of freedom, allowing a description of 
Hawking quanta only as mixed states. In our treatment here, this occurs because of the necessity 
of patching multiple component theories together, throughout which the approximation in Eq. fl54p 
does not apply (although it holds within each of the component theories). 

A similar analysis can be performed for black hole mining, in which the energy (and information) 
of a black hole is directly extracted by an apparatus located within the zone [50]. The time scale 
for this process is still of order 1/Th(M) as measured in r [51], although the number of available 
“channels” is larger than that of spontaneous Hawking emission, so it can accelerate the energy 
loss rate of the black hole. (This is because unlike the case of spontaneous Hawking emission, 
which is dominated by s-wave, higher angular momentum modes can also contribute to the mining 
process.) 

The process can still be described as in Eq. (15^ . There are essentially only two differences 
from the case of spontaneous Hawking emission. First, the decrease of the range over which 
the vacuum degrees of freedom runs, Eqs. fl57l 158]) . is compensated by the degrees of freedom 
representing excited states of the apparatus (c Oj), not by the Hawking quanta (c Second, 
since the process involves higher angular momentum modes, the negative energy excitations arising 
as backreactions can be localized in angular directions. This implies that the final state in Eq. fl59p 
should now be interpreted as a black hole of mass Mj with ingoing excitations of negative energy 
Mj — Mi (< 0) even within the semiclassical theory, as described in Ref. [52]. (This implies that the 
labeling scheme in Eq. fl53l) contains operators representing such excitations as a part of the modes 
labeled by a.) Denoting the ground and excited states of the apparatus by 0 and x (x = 1, 2, • • •), 
respectively, and the negative energy excitations by n, we can write the equation analogous to 
Eq. fl60P as 

1^0,fci) t ^ 1 ) • (66) 

x^n,kj 
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Note that the apparatus states and the negative energy excitations need not be maximally en¬ 
tangled after the process, which allows for transferring information from the black hole to the 
apparatus [16] 0 After coarse-graining the vacuum degrees of freedom and assuming the thermal 
property for these large degrees of freedom, as in Eq. fl63l) . we arrive at the equation analogous to 
Eq. fl65|) : 








(67) 


X 


where are the proper energies needed to excite the apparatus from the ground to the x states, 
and TH,ioc(A/j) is the local Hawking temperature at the location of the apparatus. Qx is the 
response function reflecting intrinsic properties of the apparatus under consideration, and Z = 

S'!exp[—E' 3 ;/TH,ioc(Afi)]- represents the semiclassical state in which, in addition to 

the apparatus in the x state, the ingoing excitations with negative energy Mj — Mi (as measured 
in the asymptotic region) are excited over the black hole of mass Mi. 

Once again, in the semiclassical picture the process in Eq. occurs at the location of the ap¬ 
paratus without involving an information transportation mechanism from the horizon to there over 
a semiclassical spacetime background. The negative energy excitations carry negative entropies as 
reflected by the fact that the ranges over which kj's run are smaller than that of fc*. These negative 
energy excitations will scramble with the vacuum degrees of freedom in the time scale of order 
(l/TH(Mj)) ln(l/TH(Mj)/p) [53] after reaching the stretched horizon, making the system relax into 
a black hole of mass Mj (other than the apparatus). 


3.4 Spacetime-matter duality 

The GET description of the black hole physics presented above sheds new light on the meaning of 
spacetime-matter duality [T51IT6] , the term referring to the fact that the black hole microstates can 
be viewed, in some sense, as playing roles of both spacetime and matter, but in fact are neither!^ 
First, consistency with the semiclassical calculation—or the assumption of “standard” thermo¬ 
dynamic properties for the vacuum degrees of freedom—indicates that the black hole microstates, 
represented by fc’s, interact with the semiclassical degrees of freedom as if they comprise a thermal 
atmosphere of the black hole (modulated by the negative energy flux due to the evolution) with 

^^For components in which is larger than the uncertainties of Mi and Mj, the extra energies needed to excited 
the apparatus must be compensated by the negative energy excitations. This creates some amount of entanglement 
between the apparatus states and the negative energy excitations. (See also footnote [H] for a related discussion.) 
Below, we ignore this small effect. 

^®This is reminiscent of wave-particle duality in quantum mechanics—a quantum object exhibits dual properties 
of waves and particles while the “true” (quantum) description does not fundamentally rely on either of these classical 
concepts. 
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the temperature given by the blue-shifted Hawking temperature 


T(f) 



(68) 


where tq = [167rM/p ^/{d — is the Schwarzschild radius; see Eqs. ([65l |67]). On the 


other hand, we may also interpret these microstates as the “spacetime degrees of freedom” arising 
from the fact that the uncertainty principle forces us to coarse-grain “detailed” spacetime geometry 


to arrive at the semiclassical picture: the number of independent quantum states representing black 
holes of mass between M and M + AM with AM Ri 0 (Th(M)) is labeled by the k index |12]. The 
vacuum degrees of freedom play dual roles of matter and spacetime [T^ITB] . 

There is also a sense, however, in which the vacuum degrees of freedom cannot be usual matter 
or spacetime. As already discussed in the previous subsection, the internal dynamics of these 
degrees of freedom cannot be organized in a way such that they are subject to local dynamics on 
some spacetime background. In this sense, they are not real matter^ Furthermore, these degrees 
of freedom also exhibit a peculiar feature called extreme relativeness [I3,[TB]: while in the distant 
reference frame they can be viewed as distributed according to the thermal entropy calculated 
using Eq. (1^5]) . in other reference frames their distribution is different. (This feature cannot be 
seen in the analysis here which is tied to the distant description.) Namely, these degrees of freedom 
are not “anchored” to spacetime, and in this sense they cannot be viewed as a spacetime itself, at 
least in the sense envisioned in standard general relativity. 

What are the vacuum degrees of freedom then? In the GET description given here, they 
correspond to operators with high scaling dimensions, A > which cannot be interpreted 

as simple multi-particle states. These operators are signihcant especially because they can be 
generated by simple multi-particle operators through time evolution. Specihcally, we can consider 
an operator T representing two energetic particles aimed at each other at some reference time Iq, 
which can be related (as in Eq. ([37j)) to two single-particle operators by the OPE 


(69) 




Here, each d)* is an operator representing an appropriate single-particle wavepacket at time fo; and 
is obtained by superposing (a tremendous number of) energy-eigenstate operators Oj. We can 
then time translate this operator by an amount t using the dilatation operator D 


'l(t) ~ e“‘“ 


(70) 


^^This has an interesting implication if the lesson from black holes can be extrapolated to (meta-stable) de Sitter 
spacetimes: the problem of Boltzmann brains may be “trivially” solved because the dynamics of the vacuum degrees 
of freedom may not support intelligent observers |54) . 
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and ask how/if this operator can be expressed in terms of operators representing mnlti-particle 
states at to. Recall that these mnlti-particle operators can be dehned pnrely in a CFT at the 
nonperturbative level by their characteristic OPE strnctnre. 

Snppose the energy of the initial state is snper-Planckian; namely, when is expanded in terms 
of D-eigenstate operators, the coefficients are most significant for operators having dimensions 
larger than . If t is snfficiently large, corresponding to a time longer than the lifetime of the 

black hole formed by the collision, then \k(t) can be written as (a snperposition of) mnlti-particle 
operators; schematically 

pi) 

n $(n) 

where represents n-particle operators obtained from single-particle operators (operators rep¬ 
resenting single-particle states at to) by OPEs within the regime in which the approximate particle 
interpretation is possible. This corresponds to a final Hawking radiation state@ On the other 
hand, if t is chosen to be smaller than the black hole’s lifetime (bnt larger than the time it takes 
for the initial particles to collide), then \k(t) cannot be approximated by mnlti-particle operators, 
i.e. 

n <j>(n) 

for any choice of a^(n). Rather, T (t) is written in the form 

'pw-EEE a,, (73) 

n $(ti) $(bh) 

where are operators that cannot be obtained by OPEs of single-particle operators within 

the regime in which the particle interpretation is available, and are (generalized) n-particle 
operators defined on the “backgronnd” of 

Since obey the property characterizing mnlti-particle operators, which is re¬ 

sponsible for the emergence of the gravitational bnlk picture, there is no reason to expect that the 
dynamics of these degrees of freedom (i.e. how respond to D) have a simple interpretation 

in the weakly coupled gravitational theory (although small components of them, labeled by a in 
Eq. (jS2]), admit a semiclassical interpretation). The spacetime attribute of these degrees of free¬ 
dom, fc, is defined only through interactions with the multi-particle degrees of freedom, and a, 
as in Eqs. (1601 IM]) . In the distant description, this exhibits a thermodynamic characteristic given 
by Eq. fl68|) . As argued in Refs. [l5l|T6], however, this attribution is expected to depend on the 
description (reference frame) one adopts. Since the internal dynamics of the vacuum degrees of 
freedom does not have a simple spacetime interpretation in the gravitational bulk, the transfer of 

Again, if the black hole formed by the collision is large so that its lifetime exceeds R, then this minimal scheme 
needs to be modified; see Section 12.21 This does not affect our discussion below. 
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black hole microscopic information cannot be viewed as occurring through held (or string) theo¬ 
retic modes on a hxed semiclassical background. This was a crucial ingredient in the picture of 
Refs. [T5l[T6] to avoid the hrewall argument in Refs. p[33]. 

The vacuum degrees of freedom naturally live in (d-dimensional) holographic spacetime. The 
fact that their dynamics does not have a simple interpretation in the gravitational bulk does not 
mean that it is totally random: it still obeys constraints imposed by a d-dimensional CFT, which 
is a local held theory (though not on a spacetime on which the gravitational picture is built). In 
particular, we expect that these degrees of freedom are classicalized in the (d — l)-dimensional 
space as time passes. This suggests that, in the (hctitious) limit in which interactions with other 
systems are turned oh, these degrees of freedom are subject to the classical Poincare recurrence 
time , not the quantum Poincare recurrence time (see Ref. [5l] for a related discussion). 

4 Summary and Discussion 

If a global spacetime description of quantum gravity exists, it will be highly redundant. In addition 
to standard diheomorphism invariance, we expect redundancies associated with holography w 
and large-scale causal structures wm- However, there certainly must be quantities free from these 
redundancies, such as causal relations among events. How do we extract such physical information? 

AdS/CFT duality provides a way to hx these redundancies for spacetimes that are asymp¬ 
totically AdS: a unitary theory with conformal symmetry describes quantum gravity in these 
spacetimes. This implies that the physical content of such theories is fully encoded in the algebra 
of operators (P/’s which are representations of the conformal group. While these operators are often 
combined to form helds, this need not be the case—they can all be viewed as located at the point 
X = X-oo- Moreover, if the theory satishes certain additional criteria, such as a large central charge, 
then the dual gravitational description possesses a large approximately flat spacetime region. In 
this case, a suitable (tiny) subset of operators (P/’s contains virtually all of the information about 
flat-space quantum gravity (except for that associated with the global or large-time structure of 
the theory). In particular, this set of operators, T/i, can represent the action of sufficiently small 
dilatations; namely, for generic A can be written as a superposition of T^’s with ex¬ 

tremely high accuracy for t < R. This allows us to describe continuous time evolution of processes 
in flat-space quantum gravity. 

To physically interpret such processes, we need a way to decompose operators into smaller 
elements, i.e. the Hilbert space of the states for the entire universe into those for smaller subsystems. 
This can be done by the OPE, dehned by the action of T^’s on general states. For conhgurations 
that do not have strong gravitational effects, this allows us to interpret as multi-particle 
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operators 


1 


for n = 0, 


'I'a ~ 

n (j)(n) 




forn = l,2,---, 


(74) 


where 4*^ are single-particle operators which can be dehned at the nonperturbative level by their 
characteristic OPE structure. However, for conhgurations with strong gravitational effects, such 
as those with a black hole, this decomposition is not possible. We can only write them as 


$(0$(BH)^ (75) 

n <j>(ti) $(bh) 

where cannot be obtained by OPEs of within the regime in which the particle inter¬ 

pretation is available. We have argued that in the near black hole region, the degrees of freedom 
corresponding to (labeled by k) completely dominate over those corresponding to (la¬ 

beled by a). These dominant degrees of freedom k —called the vacuum degrees of freedom and 
responsible for most of the Bekenstein-Hawking entropy—do not obey simple semiclassical dynam¬ 
ics in the gravitational bulk. Their spacetime attribute is dehned only through their interactions 
with multi-particle operators. This is the essence of what was called spacetime-matter duality in 
Refs. [I51[I5], a crucial element to make the existence of the black hole interior consistent with 
unitary evolution. 

It is useful to describe explicitly how the construction here avoids the hrewall argument in 
Ref. [3l], specihcally tailored to the context of gauge/gravity duality. Our assertion is that the black 
hole microstates represented by the Bekenstein-Hawking entropy correspond to states generated by 
operators On the other hand, operators representing semiclassical excitations are associated 

with <I)0)_ When (exterior) quantum held theory operators, b and , are dehned together with 
the Fock space generated by them, all of the black hole microstates are mapped into a particular 
thermal state (so that these microstates cannot be resolved at the held theory level, manifesting the 
coarse-graining performed to obtain the semiclassical picture). Furthermore, physical excitations 
of the semiclassical degrees of freedom give only a slight perturbation to this overall picture. This 
implies that the space of physical states is only a tiny portion of the naive Fock space spanned by 
all the possible states obtained by acting fohg on the b vacuum. Therefore, the average over all the 
b eigenstates employed in Ref. [ 31 ] is irrelevant to see properties of physical states, all of which are 
in (very) special linear combinations of the b eigenstates. 

We stress that while our scheme allows for describing the microscopic dynamics of an evapo¬ 
rating black hole using a CFT, and hence can test aspects of the proposal in Refs. [l5l|T6|, the 
corresponding description in the bulk is the one viewed from the asymptotic infinity. In particular, 
it does not guarantee that an infalling description in the bulk, which involves interior spacetime 
of the black hole and in which the time evolution operator takes a simple time-independent form. 
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must be obtained within the CFT. It is possible that in order to represent a bulk reference frame 
change in a holographic theory, we need to enlarge the operator set beyond that of the CFT, 
so that complementarity transformations—and in particular, the time evolution operators for in¬ 
falling reference frames—can only be represented with this enlarged operator set. Note that in 
order for this picture to make sense, the number of independent CFT operators. No, must be much 
smaller than (dim'H)^, where H is the CFT Hilbert space. This is indeed the case because of the 
operator-state correspondence, which dictates Nq = dim'H. A simple way to state this is that the 
CFT description of the bulk spacetime may be the one in which the reference point is “anchored” 
to the asymptotic inhnity region@ We stress that this is not an indication that the CFT can 
provide only an incomplete description of the bulk physics, nor does this prove the existence of 
hrewalls. It simply says that the CFT description arises only after the “reference frame gauge” 
has been hxed to an exterior—in fact, the asymptotically distant— one@ 

In summary, although current theoretical technology does not yet allow us to explicitly compute 
the microscopic dynamics of black holes, it is reassuring that a consistent picture exists [isms] and 
that properties of the class of CFTs with weakly coupled gravitational descriptions can test (at 
least the distant description part of) it. Hopefully further theoretical advancements will conhrm 
these properties. 
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the Schrodinger picture language adopted in Refs. this is equivalent to saying that Hilbert subspaces 

representing the system as viewed from an infalling reference frame are not contained in the CFT Hilbert space. 

^°An alternative possibility is that the CFT formulation has a freedom in choosing a reference frame in the bulk. 
If an infalling description is available in this way, it would have its own time evolution operator and the basis 
states B = {4'^} within the CFT, with the map B ^ B defining the complementarity transformation. While we 
do not know if such a realization is indeed possible, if so, we would expect it selects its own semiclassical operators 
{$D)} c B and, as in the case of the distant description, the majority of the degrees of freedom in the near black 
hole region is represented by operators 4 >Th) cannot be interpreted as semiclassical multi-particle operators. 
The spacetime attribute of these operators would then be given only through their interactions with 4>(")’s, which 
would exhibit the property called extreme relativeness in Refs. [T5lll6j . 
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